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HOMOLOGY OF FINITE K AREA 



MARIO LISTING 



Abstract. We use Gromov's K— area to define a generalized homology theory 
on compact smooth manifolds. In fact, this theory collects obstructions to 
6J[)' the enlargeability of the manifold and its nontrivial submanifolds. Moreover, 

^J , using the K-area homology we can rephrase some classic results about positive 

scalar curvature. 



1. Introduction 



Gromov introduced in [7] the notion of K-area for Riemannian manifolds and 
proved that this area is finite for closed spin manifold of positive scalar curvature. In 
this result the K-area replaces the concept of enlargeability considered by Gromov 
and Lawson in [5J [5]. Apart from this interesting fact, the K-area is not entirely 
bound to positive scalar curvature, because finite K-area of a compact manifold 
depends only on the homotopy type of the manifold whereas the existence of positive 

£N) ■ scalar curvature depends on the differentiable structure. So far the best obstruction 

for positive scalar curvature on spin manifolds is the vanishing of an invariant 

^O ', a^ ax (M) e KO n (C* lax]R 7ri(M)) introduced by Rosenberg in [151115] . In particular, 

aj^ ax (M) generalizes the Atiyah-Milnor-Singer invariant and does not vanish for 

£C} • enlargeable spin manifolds which was recently proved by Hanke and Schick in |1Q[ 

[TT] . The advantage of the K-area is the intrinsic definition, but also its behaviour 
under topological methods. Moreover, concerning positive scalar curvature it is an 
open question if the case of infinite K-area on closed spin manifolds is covered by 
the condition o^ ax (M) ^ 0. 

We generalize Gromov's definition and consider the K-area of a compact Rie- 
mannian manifold (M,g) w.r.t. a homology class 9 £ H*(M;G) where H*(M;G) 
means singular homology of M with coefficients in an abelian group G. This leads 
to the definition of the homology groups with finite K-area respectively the K-area 
homology. In fact, the set of homology classes 8 € Hk(M;G) with finite K-area 
determine a subgroup J%k(M; G) C Hk(M; G) which is independent on the choice 
of the Riemannian metric on M. Moreover, the induced homomorphism of a con- 
tinuous map / : M — ► N restricts to homomorphisms /* : Mk(M\ G) — > J%(N; G) 
which proves that J%k(M; G) depends only on the homotopy type of the compact 
manifold M. In the paper we give some examples of the K-area homology which 
show its nontrivial character. For instance, compact orientable surfaces of pos- 
itive genus and tori have trivial K-area homology whereas J%2k(M) = Hik{M) 
for all k > if M is a closed orientable manifold with finite fundamental group. 
Because the fundamental class of the sphere S k has finite K-area for all k > 2 
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we conclude as an application that the image of the Hurewicz homomorphism 
hk ■ Tfk(M) — > Hk(M) is contained in J%k(M) for all k > 2. Conversely, the 
fundamental class of a connected compactly enlargeable manifold M™ has infinite 
K-area which means J#? n (M) — {0}. Moreover, if M is connected and compactly 
A-enlargeable, then the Poincare dual of the total A-class of M has infinite K-area, 
i.e. A(M) fl [M] <£ Jf*(M; Q). Here, compactly enlargeable respectively compactly 
A-enlargeable refer to finite coverings in the definition of enlargeability (cf. [12]). 
Moreover, we show that a closed connected spin manifold M n of positive scalar 
curvature satisfies A(M) n [M] £ Jft(M;<Q) and Jff n -i(M) = F„_i(M) which 
together with the above observation can be seen as a restatement of some classic 
results about positive scalar curvature. Note that M$(M\ Q) = J#{(M; Q) = {0} 
for any compact manifold, i.e. this result covers the original obstruction of the 
vanishing A-genus. In the last section we introduce the relative K-area of a class 
6 £ Hk(M, A) where A is a compact submanifold of M. This leads to the sub- 
groups J%i (M, A) C Hk (M, A) of homology classes with finite relative K-area. In 
fact, this relative version satisfies the excision property and J%k(M,A) is isomor- 
phic to MkiMjA) for all k if M/A is a smooth manifold. Hence, the subfunctor 
Jif C H determines a generalized homology theory on pairs of compact smooth 
manifolds and continuous maps which satisfies the Eilenberg-Steenrod axioms up 
to exactness. In the end we give an extension of the K-area homology to pairs 
of topological spaces. Although the K-area homology puts some classic results 
about positive scalar curvature in an interesting setting, it can obviously not cover 
"exotic" index theoretic obstructions like the nonvanshing of aJ^ ax (M) on certain 
exotic spheres. However, as a generalized homology theory it contains topolocigal 
data which can not be seen by singular homology. 

Note that Brunnbauer and Hanke introduced in [3] the small group homology 
which is closely related to our K-area homology. In fact, using the results in 
this paper and in [3] one can show that «^,(M;Q) is a subspace of the small 
group homology Hi (M; Q) if P denotes the largeness property "compactly 
enlargeable" . 

2. The K-area of a homology class 

Let M g := (M,g) be a compact Riemannian manifold possibly with nonempty 
boundary. In order to obtain the additivity axiom and in view of the topological 
K-theory the fiber dimension of a vector bundle on M is not assumed to be a 
global constant, it is only constant on connected components. Suppose that BU n is 
the classifying space of U(n), then n-dimensional Hermitian vector bundles on M 
are classified up to isomorphism by [M, BU n ], Hence, [Af, BU] classifies Hermitian 
vector bundles on M up to isomorphism where BU = JJ BU n is the disjoint 
(topological) sum. If S — > M is a (smooth) Hermitian vector bundle with Hermitian 
connection, we denote by p £ : M — > BU the classifying map and define 

IIRfii ._ maY \R £ (vhw)\ op 

\\K \\n ■— max ; ; 

v.weTM \vAw\g 

where R £ : A 2 TM — > End(£) means the curvature of £ and \.\ op is the operator 
norm on End(£). It is quite essential for the theory to use the operator norm 
on End(£) because the equivalence of norms on finite dimensional vector spaces 
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includes a constant usually depending on the dimension and in case of infinite K- 
area, the rank of the interesting bundles tend to infinity. Suppose 9 £ H 2 *(M; G) 
for a coefficient group G where omitting the coefficient group means as usual G = TL. 
Then Y(M; 9) denotes the set of all Hermitian bundles £ — > M endowed with a 
Hermitian connection such that the image of 9 under the induced homomorphism 
pf : H*(M;G) -» if*(BU;G) is nontrivial: pf(6) ^ 0. Since the classifying map is 
uniquely determined up to homotopy, "V{M\ 9) does not depend on the choice of 
p £ . The Z-cohomology ring of BU n is a Z-polynomial ring generated by the Chern 
classes which supplies the following alternative definition of 1 / (M;9). Suppose 
that M is connected, 2n > dimM and 6 £ H 2 *(M), then y(M;9) is the set of 
Hermitian bundles £ — > M endowed with a Hermitian connection such that there 
is a polynomial p £ W*[ci, . . . , c n ] with (p(c(£)) , 9) ^ where c(£) is the total Chern 
class of £ and 

p(c(£)) := p(c x (£), . . .,c n {£)) £ H 2 *(M; TL). 

Of course, if £ £ Y(M;9), then {p{c{£)),9) ^ for a monomial p, i.e. there is a 
nonvanishing #-Chern number: 

( Cl (£y^--c n (£y-,9)^o 

for certain nonnegative integers j± . . . , j n . The equivalence of the two descriptions 
is a simple exercise in algebraic topology because -ff*(BU m ;Z) = Z[ci, . . . , c m ], 
to = rk<o(£), yields the nondegeneracy of the pairing (., .) and pf(6) ^ implies 
the existence of a characteristic class u £ i?*(BU m ; 7L) with (u, pf(0)) ^ 0, i.e. we 
choose p{c{£)) = (p £ )*u £ H 2 *(M; TL). 

If r V(M]9) ^ 0, the K-area of a compact Riemannian manifold M g = (M,g) 
w.r.t. the homology class 9 £ H2*(M;G) is defined by 

t(M g ;6) := ^M M ^\\R e \\^ e(0,oo]. (1) 

Moreover, we define for monotonicity reasons ^(M g ;6) — in case Y(M;9) = 
(for instance 9 = 0). We will frequently use this definition to introduce various 
K-areas by taking the infimum over different sets of vector bundles. 

Remark 1. Because M is compact, any element of the K-group K(M) can be 
represented by [£] — [<C N ] where £ is a complex vector bundle and <C N is a flat 
bundle on M and moreover, the Chern character map ch : K{M)®Q — » H 2 *(M; Q) 
is an isomorphism (cf. [T]). Thus, "V(M.\ 9) is nonempty if 9 is a nontrivial element 
in# 2 *(M;Q). 

Since Y(M; a ■ 9) — ~f(M; 9) is independent on the choice of the metric, we 
conclude the following scaling invariance of the K-area: 

t{M^. g -a-9) =p J -i(M g ;6) 

where p is a positive constant and a £ TL \ {0}. In order to extend the above 
definition for odd homology classes, we add large circles. In fact, suppose 9 £ 
H 2 *+i(M; G) then 9 x [S 1 ] £ H 2 *(M xS 1 ^) for a fundamental class of S 1 . Thus, 
we define 

l(M g ;9) := supt(M g x S^;9x [S 1 ]) 

dt 2 

where the supremum runs over all line elements dt 2 of S 1 and M g x Sl t2 is endowed 
with the product metric. Note that the K-area on the right hand side does not 
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depend on the choice of the fundamental class [S 1 ]. Replacing dt 2 by p, • dt 2 = dt 2 
we obtain the above scaling invariance for odd homology classes. The K-area of a 
general class 9 G H*(M; G) is given by 

t(M g ; 9) := max{£(M g ; 6» cvon ), t(M g ; 9 odd )}. 

In case 9 = [M] we omit 9 and simply write k.{M g ) which is the total K-area of M 
introduced by Gromov in [7] and considered in [4j |6l [13j [5j [16] . 

Proposition 2. Suppose 9 = J^i Oi with 9i G Hi(M n ; G), then 

i(M g ; 9) = max{i(M g ; 9 l ) \ i = . . . n}. 
Moreover, we obtain for 9,rj € Hf.(M; G) 

£(M g ) 9 + V )< max{t(M g ; 9), H(M g ; n)}. 

Proof. We start with the case 9 G H 2 *(M;G). Observe that f(M;8i) C f(M;9) 
because ^ p £ (9 t ) G H t (B\J;G) implies p £ (9) ^ 0. Conversely if pf(9) ^ 0, 
then pf(9i) ^ for at least one 9i which completes the proof for even homology 
classes: ^(M; 9) = lj i ~f{M] 9i). For the second statement, we obtain by the same 
argument f{M\ 9 + n) C Y(M; 9) U f{M; n) which shows the inequality if k is 
even. Now suppose that 9 G H2*+i(M ; G), then: 

/t(M ff ;6>) = supmax{/t(M s x^;«, x [S 1 ]) | t=l...n} 

dt 2 

= max{sup£(M s x S\ t2 ]9i x [S 1 ]) \i = l .. .n\. 

The general case is an easy consequence. □ 

Since M is compact, for any two Riemannian metrics g and h on M there is 
a constant G > 1 such that G^ 1 • ||i? £ || s < \\R £ \\ h < C ■ \\R £ \\ g for all bundles 
£. Hence, the condition £(M S ;0) < oo does not depend on the choice of the 
Riemannian metric on M which yields the following: For each j, the set 

Jtfj(M; G) := {9 g H 3 {M; G) \ t(M g ; 9) < oo} C J3>(M; G) 

is a subgroup independent on the choice of the metric g and satisfies 

JK(M;G) = {9e H*(M;G) | t(M g ;9) < oo} = 0^(M;G). 

If 9 G Ho(M;G) does not vanish, there are trivial bundles £ with pf(6>) 7^ 0. In 
this case we use that the fiber dimension of vector bundles is not assumed to be 
globally constant. Because trivial bundles admit flat connections, the K-area of 
^ 9 e H (M;G) is infinite which implies 3%{M;G) = {0}. Moreover, if G is a 
ring, f{M; a ■ 9) C f(M; 9) for all 9 G H 2 *(M; G) yields 

l{M g ;a-rj) < t{M g ;rj) 

for all r] G H*{M;G) and a G G. Since -ff*(BU„;G) is a free G-module, this is 
an equality if a ^ and G has no zero divisors. Hence, for any coefficient ring G, 
J0j(M; G) is a G-submodule of fl>(M; G). 

Let M JJ TV be the disjoint sum of M and TV, then for any 9 G ff 2 * (M JJ JV; G) 
the interesting bundles in f{M \\ N; 9) are determined by f{M\ 9\ M ) U ^(iV; 6^) 
where 9m and 6V mean the restriction of 9 to M and JV. Thus, the K-area of 
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9 G Hk(M\\N\G) equals the maximum of the K-area of 9 m and the K-area of 
On which proves the additivity axiom 

#&. (M Y[N;G^ M (M; G) © ,^ k (iV; G) . 

Proposition 3. Let f : (A/, g) —} (N, h) be a smooth map with g > f*h on A 2 TM, 
then 

t{M g -6) > t{N h ; f^). 

In fact, for each continuous map f : M — > N, the induced homomorphism on 
singular homology yields homomorphisms /* : J#j(M;G) —> J?j(N;G). 

Moreover, if M ^ N is a compact submanifold and a retract, then for suitable 
metrics h on N 

here suitable means that the smooth retraction map r : N —$■ M is 1-Lipschitz, 
i.e. r*h\M < h on A TN. 

Proof. We start with the case 9 € H2*(M; G). Since 

(p r£ )M = {p £ of)J9) = P £ M*9), 

the pull back of vector bundles yields a map /* : ~f{N] f*9) -> YiM; 9). Moreover, 
g > f*h on A 2 TM supplies 

\\R r£ \\ g <\\R e \\h 

which proves the inequality. If 9 e H2*+i (M;G) we consider the map / x id : 
AfxS' 1 — > N x S 1 and apply the case for even homology classes. The necessary 
inequality on A 2 T{M x S 1 ) follows from the compactness of M because for any line 
element di 2 , there is some dP such that g®dP > (/ xid)*(/i©d£ 2 ) on A 2 T(M xS 1 ). 
The second observation is proved for smooth / : M — y N by the inequality and in 
case of continuous / we use the smooth approximation theorem and the homotopy 
invariance of the induced homomorphism. For the last statement it remains to show 
"<" but this follows by considering a smooth retraction map r : JV — > M (using 
the smooth approximation theorem: every retract M C N for compact manifolds 
M and N is also a smooth retract). □ 

This shows that J^(.; G) is a functor on the category of compact smooth mani- 
folds and continuous maps into the category of graded abelian groups which satisfies 
the homotopy, dimension and additivity axiom. In fact, J^,{M;G) depends only 
on the homotopy type of M . Gromov proved in [7] that the total K-area of simply 
connected manifolds and spin manifolds of positive scalar curvature is finite which 
means J$? n (M n ) — H n (M) for these closed manifolds. Furthermore, using the above 
proposition and the observation that H2j( < CP n ) is generated by the fundamental 
class of (DP- 7 C (DP™ we conclude for the complex projective spaces 

^(CP") = ( I <{ *e{2,4,...,2n} 

I U otherwise. 

Conversely, every closed connected orientable surface M of positive genus has in- 
finite total K-area, i.e. J^(M) = {0} (cf. [7]). If J#i(N) is known, the previous 
proposition is one of best ways to compute J#k(M) by considering maps M — > N 
respectively N — > M . 
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Corollary 4. The Hurewicz homomorphism satisfies for all j > 2: 

ftj : ttj(M) -> Jfj(M) C Hj(M). 
Proof. Let / : (S*- 7 , e) — ► (M, x) be a representative of a E ttj(M, x), then 

oo > t(5|; [S*]) > t(Mg;MS J }) = ^(A%;/i») 
for suitable metrics g, g on 5 J ' and M. □ 

Proposition 5. (1) IfTC H*(M) is the torsion subgroup, then T C J#i(M). 

(2) j£(Af; Q) = J%(M) ® Q. 

(3) ^(M;Q) = {0}. 

Proof. Since i?*(BU n ) is free, each induced homomorphism H*(M) — > P*(BU) 
maps T to 0. Hence, for any e T, y(M;9) = and r(M xS';9x [S 1 ]) = 
supply t(M g ;8) — 0, i.e. 6* E M^{M). For the second claim we consider the 
commutative diagram 

H 2fc (M) O Q -^i H 2k (BV) ® Q 



#2fc(M; Q) — ^ P 2 fc(BU; Q) 

where A and Am are isomorphism. Hence, ~f(M;9) = Y(M;Xm(9 <8> a;)) for all 
9 E H 2k {M) and x G Q \ {0} prove that Am : ^2fc(M) eg) Q ^ ^ 2fe (M ; Q) is an 
isomorphism. In order to see ^2 fc+ i(M)(g>(Q = J^ fe+1 (M; Q) replace M by M x S 1 
in the above diagram. Suppose 9 E H\{M\ (Q) is nontrivial, then there is some a in 
the lattice H l (M; TL) C ^(M; Q) with (a,0) ^ 0. Moreover, by the Hopf theorem 
and the smooth approximation theorem there is a smooth map / : M — > S 1 uniquely 
determined up to homotopy with f*u; = a where us E H 1 (S 1 ; TL) is the orientation 
class. Consider the map / x id : M x S 1 — > T 2 , then 

(oj,m = (f*u;,9) = (a,9}^0 

proves f*9 ^ which yields [T 2 ] = x ■ /*# x [S 1 ] for some x E Q \ {0}. Hence, the 
scaling invariance in the homology class and proposition [3] show 



fc^xS^flxp 1 ]) >*(!*;[!*]) 



OO. 



where TJ 2 is a suitable flat torus (T 2 has infinite total K-area by the remarks below 
or use the result in [7]). □ 

Although the torsion subgroup remains unchanged for TL coefficients, this does 
not have to hold for arbitrary coefficient groups. For instance, consider the real 
projective space RP n in dimension n > 2 and let £ be the canonical complex line 
bundle with ^ a{£) E PT 2 (1RP™; TL) = TL 2 . The image of c x {£) in H 2 (RP n ; 1 2 ) 
is the second Stiefel- Whitney class w 2 (£) which is nontrivial. Hence, if 9 denotes 
the generator of H 2 (RP n ; % 2 ), (w 2 (£),9) ^ implies £ E f (RP n ; 9). But the real 
Chern class of £ vanishes which means that £ admits a flat connection. This shows 
t(RP n ;9) = oo and ^(RP n ; TL 2 ) = {0} whereas H 2 (RP n ; TL 2 ) = TL 2 . 
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3. K-AREA FOR THE CHERN CHARACTER 

In the above definition of the K-area we considered Hermitian bundles which 
have a nontrivial (9-Chern number. However, we can also restrict to bundles with 
a specific nontrivial 9— Chern number respectively fix a characteristic class u 6 
H*(BXJ;G) and consider bundles with (u(£),0) ^ where u(£) := (p £ )*u. This 
leads to the K„-area and results similar to the one presented above with a few 
exceptions. But we still obtains subgroups J#k(M;u) C Hk(M;G) of homology 
classes with finite K u -area and moreover, a continuous map / : M — > N induces 
homomorphisms /* : J#k(M;u) — > J#k(N;u). Hence, each characteristic class 
u e _ff*(BU; G) determines a functor Jt%,(.; u) on the category of compact smooth 
manifolds and continuous maps into the category of graded abelian groups which 
satisfies the homotopy, dimension and additivity axiom. 

Another important K-area is the K-area for the Chern character. This area is 
particularly interesting for scalar curvature results. If 9 S H2*(M; Q), we denote 
by y c h(M;9) the set of Hermitian bundles £ — > M endowed with a Hermitian 
connection such that (ch(£)),9) ^ for the Chern character ch(£). As already 
remarked "fch.(M;9) is nonempty if 9 ^ 0, i.e. we define ikch(M g ;9) as above but 
take the infimum in (JlJ over bundles in Y c h(M; 9). We set k^h{M g ; 0) = and add 
large circles to define the K c h-area for odd homology classes: 

fch(M ff ;0) := supfch(Af fl x S^-,9 X [S 1 ]), 9 € H 2 * +1 (M;Q). 

dt 2 

The K c h-area of a general class is the maximum of the even and the odd part. Since 
% h (M;9) C f{M-9), we conclude 

^h(M g ;9) < t(M g ;9) 

for all 9 6 J?*(M;Q). Equality seems to hold only in few examples, for in- 
stance £ch(M g ) = t(M g ) if M is homeomorphic to S n or kch{M g ;0) = t{M g ;9) 
if 9 G H2(M;(Q). Thus, if J£j(M ;ch) denotes the set of all homology classes 
9 e Hj(M; Q) with ^{Mg-,9) < oo, then J^(M; Q) C Jf%(M; ch) are linear sub- 
spaces of Hj(M; Q) for each j. 

Proposition 6. Suppose 9 £ H2*(M; Q) is of total degree 2m > 0, then 

t(M g ;9)<m 2 -tc h {M g ;9). 

In particular, Mj{M; (Q) = J^(M;ch) for each j. 

Proof. The proof follows mainly the idea in [7] , only a couple of changes are neces- 
sary to compute the precise estimate. We show that for any bundle £ 6 Y(M; 9) 
there is an associated bundle X 6 i / c t l (M; 9) in such a way that for all i,i/£ TM: 

\R x {x A y)\ op < m 2 ■ \R £ (x A y)\ op . 

Then the above inequality is an easy consequence. We assume without loss of 
generality 9q = 0, because otherwise the K-and K c h~area are infinite and the 
statement is trivial. Essential to us will be the proposition that the Adams operation 
iftk applied to a vector bundle is nothing but a polynomial in the exterior powers 
of this bundle. In fact, ipk{£) £ K{M) is a Z-linear combination of 

A a £ = A ai £®---®A ai £ 
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where a £ N is a multi index with |a| = k. The Z-coefficient for a in this 
linear combination is simply determined by the corresponding coefficient in the 
representation of the kth power sum by elementary symmetric polynomials. 

Claim 1: Suppose £ is a vector bundle with (ch(A"£), 9) = for all multi indexes 
a with 1 < |a| < to, then 

(ch<(£),02i> = O 

holds for all i. Since 8 2 i = for i > to, it suffices to prove the case i < to. This can 
be seen by using the Adams operation ipk for k £ {1, . . . , to}. Under the assumption 
on £, (ch(^fc£), 6) vanishes for all k £ {1, ... , m}. Since ch(iph£) = pk(ch(£)) with 
p fe = fc J ' on H 2j (M, Q), we obtain 

m 

= (ch(V fc f ), 0) = X! F ( ch *(£ ). & 2i) = (a k ,b) Euc 
i=i 

for all fc 6 {1, . . . , to} where 

a k = (k\k 2 ,...,k m ) and 6 = ((cln(£ ), # 2 ) , . . . , <ch m (£), 6 2m ) ). 

However, the vectors oi, . . . , a m form a basis of Q m which implies that 6 = 0. 

Claim 2: Let £ be a vector bundle and fix some i £ {1, . . . , to}. If (chj(A Q £), $2i) 
vanishes for all multi indexes a = (fci, . . . , ki) £ N with |a| = X) % = *j then for 
each polynomial p: (p(c(£)) , 9 2 i) = 0. We use again the Adams operation in order 
to see this. Define 

B? := <ch 4 (^ Q (£)),0 24 ) = {chi(il> kl (E)®---®1> kl (£)),62j 

for multi indexes a = (fci, . . . , fc/) £lN' with |a| = X] fc 7 - = i. Since ipa(£) is a linear 
combination of A^£ with \j3\ < i, B" vanishes for all a under the above assumption 
on £ . We will show that Bf — for all a with |a| = i implies 

(f[ch j (£)^,d 2i \=0 

for all Pi , . . . , fit £ No with i — J2J ' Pj- Since the Chern classes of degree < j arc 
polynomials in the Chern characters chi , . . . , ch,- , this concludes for all polynomials 
p: (p(c(£)) , 02i) = 0. Consider a formal power series in t: a(t) = ^ aj ■ t J with 
a 7^ and let a = (ki, . . . , fej) € (N ) 1 , then 

i 

A a (t):=~[[a(k r t) 

3=1 

is symmetric in kj and we obtain an expansion A a (t) = X Af i l where Af does not 
depend on t and is a polynomial in ai, . . . ,Oj. A little exercise in linear algebra 
shows 

Q[ai, . . . ,ai]i ={»6 Q[oi, ...,a,] | dega = i} = span^-fA" \ \a\ = i} 

i 

where degaj 1 ■ ■ ■ af = X s ■ j s . Note that the inclusion "D" follows by definition 

8=1 

and "C" follows from dimension reasons because if {a s £ (N y\s £ S} is a set of 
multi indexes such that for all r ^ s there is at least one elementary symmetric 
polynomial cr; with <7i{a r ) ^ ai(a s ), then {Af s \ s £ S} is linear independent in 
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(Q[ai, . . . , a,i]i. If we identify a,j with chj(£) for all j, the properties of the Adams 
operation and the Chern character imply that Af is determined by 

chi{i) kl (S ) <g> • • • ® Vfc, (£)) = ch«(^ a (£)). 

Thus, Bf = (Af,e 2i ) = for all a proves (b, 9 2l ) = for all & 6 Q[a l5 . . . , a,],. 

Conclusion: Suppose £ G "/{M; 9) and consider the bundle X := A" (A^£) for 
multi indexes a, /3 with \a\, \j3\ < to, then \\R \\ g < m 2 \\R £ \\ g is satisfied. Moreover, 
we conclude X G %h(Af ; 6*) for some a, (3 by the following contradiction argument. 
If (ch(X),9) vanishes for all a and /?, we apply claim 1 to the bundle y — A@£ 
and conclude (ch,(A^£),02i) = for all i and all j3. Hence, claim 2 proves that 
for any polynomial p: (p(c(£)),9) — 0, i.e. £ £ i / (M;9) a contradiction to our 
assumption. D 

Proposition 7. Let f : (M,g) — > (M,g) be a Riemannian covering with M, M 
closed and oriented, then 

k^{M g ;fO) = t^{M g -6) 

where f : H*(M] (Q) — > H*(M] (Q) is the transfer homomorphism. 

Proof. Observe that / is a finite covering and < | deg f\ is the number of sheets. 
Since /*/'# = deg/ • 9 we conclude ">" from the K c h-version of proposition [3] 
(pull back of vector bundles). Furthermore, each bundle £ —} M induces a bundle 
£' ->• M by 

yef-Hx) 

The connection on £ yields a connection on £' with \\R £ \\ g = \\R e \\ g . Thus, we 
conclude "<" for ^ 9 6 H 2 *(M;Q) if £ 6 f ch (M ; f 9) implies £' G y ch {M;0) 
(note that /' is injective). Assume that / is a normal covering, then f*£' is iso- 
morphic to (J) h*£ where the sum is taken over all deck transformations h. Hence, 
we obtain 

deg / ■ (ch(£"), 0) = (ch(£')J*f'-9) = (ch(r£')J [ 9) 

(h*ch(£),f9) = \dcgf\-(ch(£),f9) 






h 



because for a deck transformation h : M — >■ M, ft* acts as Id on the image of / : 
/ = / o h and ft*ft, = ftft, — Id yield ft*/ — ft* (/ft)' = ft*(ft f) = f . This 
proves the claim if 9 E i?2*(M;Q) and / is a normal covering. If / is not a 
normal covering, let H C f#ni(M,x) be a normal subgroup of tti(M, f(x)) such 
that TTi(M,f(x))/H is a finite group [i? always exists because f#ir\{M,x) has 
finite index in 7Ti(M, /(£))]. Hence, the associated (smooth) covering Z : (N,y) — ► 
(Af, f(x)) with l#iri(N, y) = H is normal and finite, and there is a unique (smooth) 
map p : (N, y) — > (M, x) which is a normal covering and satisfies I = f o p. Thus, 
the previous case proves for g :— l*g and 9 G i?2*(A/; (Q): 

*eh(M s ;0) = ^(N g ;l ] 9) = ^ h (N g ;p l f l 0) = ^(Mf, fd). 

In order to show the proposition for G H2*+i{M; Q) consider the covering 6 := 
/ x id : M xS 1 ^ M x 5 1 , use 6 ! (6» x [S 1 ]) = (f9) x [S 1 ] and apply the case for 
even classes to the covering b and the class 9 x [S 1 ] € H2*(M; (Q). □ 
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This proposition allows us to compute the K-areas for the torus respectively 
for the connected sum of "nice" manifolds with a torus. Consider the 2 n -fold 
Riemannian covering / : (T n ,Ag) — ► (T n ,g), a i-> 2a, then by the scaling property 

fe h (T; ; 9) = «*(!£; f'6) = 4 • fe h (T 3 "; 9) 

which shows £(T™;0) = ^(T™ ; 9) = oo for each 6> ^ 0. Here we use that the 
K c h-area of a nontrivial class 9 £ iJ*(M;Q) is in (0, oo]. This and the following 
remark prove that J?l(T n # ■ ■ ■ #T") = {0} for any finite number of tori. 

Remark 8. Suppose that M n and N n are closed, oriented and connected. Consider 
the projection maps M#N — ► M and M#N — > N by identifying the summand 
M respectively TV to a point, then Jf k (M#N) -> J^,{M) © Mk(N) is well defined 
and injective, i.e. Jf?k(M#N) can be considered as a subgroup of J&k(M) (&Jf?k(N) 
for all k < n. Moreover, Jf n (M#N) = % implies Jf n (M) = % and J^ n (N) = 7L. 
Conversely, if X C M or Y C N are compact submanifolds of codimension at 
least one which give a finite upper bound for K-areas on M respectively N, then 
X,Y C M#N determine upper bounds for the corresponding K-areas on M#N. 
For instance, if < j < n, <CP 3 C (DP n #T 2n supplies finite K-area for the 
homology class induced by the fundamental class of (DP- 7 which means 

2n ,_ \ TL if £:£{2,4,...,2n-2} 



,M(CP n #T , - , 

1 I) otherwise 

Remark 9. Consider a simply connected and closed manifold N, then there is some 
e > such that any e-flat bundle on N is already trivial (cf. Gromov [7]). Hence, 
the K-area of a class 9 £ H2k{N) is finite if k > which means J$?2k(N) — H2k(N) 
for all k > 0. Moreover, the last proposition and the above observations show that 
J%2k(M) = H<2k{M) for all k > if M is a closed orientable manifold with finite 
fundamental group. The equality might also hold for odd homology classes, but in 
this case a more detailed estimate is necessary. 

4. Stabalizing K-area and products 

The K-area has a further generalization which depends on taking products with 
standard tori T l = S 1 x ■ ■ ■ x S 1 . Suppose that 9 £ H 2 *- t (M; Q) for i > 0, then 
the K* h -area of 9 is defined by 

^ h (M g ;9):=tc h (M g xT* i; 9x[T*}) 

where the right hand side does not depend on the choice of the metric h by propo- 
sition [0 Note that i^ h (M g ;9) is the above K ch -area for 9 £ H 2 *(M;Q) and 
/^(Mg-, 9) coincides with the above definition of the K c h~area for 9 £ H2*+i(M; (Q). 
The proposition below shows that ^? h (M;0) is nondecreasing in i which means 
k£ 2 {M g \9) > 4>(M ff ;0) for all 9 £ H 2 *-i(M;Q). The more challenging question 
is to compute estimates in the opposite direction. We also consider the correspond- 
ing stabalized version of this area: 

t£(M g ;$) := sup*4(M 9 ;0) > ^ h (M g ;9). 

i 

We could introduce similar objects for the ordinary K-area, however, it is uncertain 
if a stabalized version of the K-area can be estimated by the stabalized K c h~area 
(compare the constant in proposition [5]). Since the stabalized K c h~area inherits 
most of the properties of the K c h-area, the set ^, st (M; Q) C Hk(M; Q) consisting 
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of rational homology classes with finite stabalized K c h-area is a linear subspace 
of J^k(M; Q) for all k. Moreover, a continuos map / : M — >• N yields homomor- 
phisms /* : J^ st (M;Q) -> Jif^ (N ; <Q) . Hence, the stabalized K-area homology 
^, st (M; (Q) depends only on the homotopy type of M. There are plenty of mani- 
folds M with J#i(M; Q) = J^ st (M ; Q), however it seems a rather difficult question 
if this is true for general M, The reason for introducing the stabalized version is 
the more consistend behaviour in the product case: 

Proposition 10. Suppose that r\ £ Hk(M; Q) and 9 £ Hi(N; Q), then 

C(Mg x N h ; V x 9) > mm{c h (M g ;n), ^ h (N h ;9)} 
C(M g x N h ;r, x 6) > imn{^(M g ; V ),^(N h ;d)} 

where i + k and j + I are assumed to be even integers. 

Proof. The inequality is obvious if one of the homology classes vanishes, hence 
rj 7^ and 9 =£ 0. We set fj := 7} X [T l ] and 9 := 9 x [T J ] for notational simplicity. 
Suppose that £ £ % h (M x T l ; 77) and T £ % h {N x T^;9), then 

0^ (ch(£),^)-(ch(J"),0) = (ch(£) x ch(T), ij x 0)= (ch(7r^£ <8 tt^J"),?? x 0) 

shows 7r2f^ ® ttat-^" £ %Yi{M x T { x N x T° ;t) x 9). Moreover, we obtain for the 
tensor product connection on Q := 71"^ £ ® tt^J 7 : 

\\R g \\ geh = ma X {\\R £ \\ g ,\\R F \\ h }. 

Hence, considering the pull back of Q by the coordinate transposition map M x 

N x T l+ i -)• M x T* x N x T-? proves the inequality. D 

This proposition yields additional examples for finite K-area. For instance, if 
M m and iV™ are connected, closed and spin and M x N admits a metric of positive 
scalar curvature, then J^ m (M) = TL or Jf? n (N) = TL. Note that in this case neither 
M nor N need to carry a metric of positive scalar curvature. In general it seems 
rather difficult to see whether 9 x r\ has finite K-area even if both 9 and r\ have 
finite K-area. We observe equality in the previous proposition for rj £ Hq(M; Q) 
or 9 £ Hq(N;(£1) by considering the inclusion maps (cf. proposition [3]). Moreover, 
the following proposition proves finite K-area for homology classes [M] x 9 if M is 
a closed spin manifold of positive scalar curvature. 

Proposition 11. Let (M n ,g) be a connected closed spin manifold of positive scalar 
curvature and 9 £ Hi(N; Q) where N is a compact manifold, then 

C(M g x N h ; (A(M) n [M]) x9)< M" -(-!)") _ 

mm scalq 

Proof. It is sufficient to prove the proposition for the K c h~area, the stabalized 
version follows from this case by replacing (N,9) with (N x T % ,9 x [T 2 ]). The 
inequality is obvious for 9 = 0, hence suppose 9^0. We start with the case that 
n is even. Without loss of generality I is even, otherwise go over to N x S 1 and 
9 x [S 1 ]. A bundle £ £ % h (M x N; (A(M) n [M])x0) yields a family of smooth 
vector bundles over M parametrized by N. Thus, twisting the (constant family of) 
complex spinor bundle $M with the family of bundles £ yields a family of Dirac 
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operators f + : T($ + M®£) -» T($~M® £) over M parametrized by N where the 
corresponding index satisfies 

ind ty + ,6\ = (ch(S), (a(M) n [M]) x 6>W 

Hence, there is a point x E N such that the associated twisted Dirac operator 
TP : T($M £ x ) — >• r(^M £ x ) has nontrivial kernel where £ x is the induced 
bundle over M x {x} C M xN. The integrated version of the Bochner Lichnerowicz 
formula 

2 =y , v+ scaL, + ^ 

shows that there is a point on M where the minimal eigenvalue of $H £x is less or 
equal to — scal ff /4. However, the maximal absolute eigenvalue of ?R £x is bounded 

by 2 ~ ll-^Hl wn ich implies 

,, f„ „ f „ minscah 



2n(n- 1) 

for all £ E %h{M x TV; (A(M) n [M]) x0) . If M is odd dimensional, apply the even 
dimensional case to the manifold M g x 5L 2 ■ Q 

Remark 12. Equality in the above situation can only hold if g has constant scalar 
curvature. As an example, we obtain equality for even dimensional spheres of 
constant curvature. In fact, if Sq denotes the standard sphere of constant sectional 
curvature one, then the complex spinor bundle of S 2n satisfies \\R$ || = | and 
c n {$ + ) ± which proves t(S 2n ) = ^(S^) = ^(S 2 n ) = 2. 

Remark 13. If M is a compact manifold, the above proposition shows that 9 x [S n ] 
has finite K-area for all 9 E Hk(M) and n > 2. Hence, we obtain from singular 
theory that 

Jf k (M) © Ffe_„(M) -+ J#£(M x S n ), (r ] ,9)^r 1 xt + 9x [S n ] 

is an isomorphism for all k and n > 2. The same statement holds of course for the 
stabalized K-area homology. 

Proposition 14. Suppose that 9 E H k (M; Q), a e if^Af; Q) and i + fc + 1 E 2%, 
then: 

^ h (M g ;an9)<^+ 1 (M g ;9). 

Proof. Consider a bundle £ E %h(M x T l ;{a n 9) x [T 1 ]) and a smooth map 
/ : M -> S* 1 with /"([S 1 ]*) = a for the orientation class [S 1 ]* E H 1 ^ 1 ; Q). Denote 
by 7T : M x T l x S 1 ->• M x T* the projection and by a : M x T l x S 1 -4 S* 1 x 
S 1 ,^,*) H- {f{x),t). For any e > there is a bundle J" E f^S 1 x S 1 ; [S 1 ] x [S 1 ]) 
with ll-R^H < e. Hence, 5 = tt*£ a* J 7 satisfies ||i? e || < \\R £ \\ + e and since 
ch(J") = rk(J") + x ■ {[S 1 ]* x [S 1 ]*) for some x E Q \ {0} we conclude 

(ch(£),0x [T t+1 ]) =.T-(7r*ch(£)-7r*(ax l)-<r*(l x [S 1 ]*)^ x [T] x [S 1 ]) 

= x ■ (ch(£), (a n 6) x [T 1 ]) ^0 

which proves the inequality. □ 
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We obtain as a corollary that capping with cohomology classes of degree one 
yields maps: 

H\M; TL) x J%k+i(M) -» J% k (M), (a,6)^an6 
tf^MjQ) x^ fe st (M;Q)~>^ s ! 1 (Af;Q), (a, 0) ■->• a n 0. 

In particular, a connected closed manifold M n with J^*(M;Q) = (Q satisfies 
^.!(M;Q) = F n _i(M;Q) and therefore J#^_i(M) = F n _ 1 (M). This may be 
seen as the K-area analog of Schoen and Yau's result about positive scalar curvature 
on minimal hypersurfaces (cf. [18]). The corresponding statement for manifolds of 
positive scalar curvature was used by Schick in |17] to give a counterexample to the 
unstable Gromov-Lawson-Rosenberg conjecture. 

5. K-AREA ON NONCOMPACT MANIFOLDS 

A noncompact manifold has no fundamental class and in view of the relative 
index theorem we are rather interested on the K-area defined with bundles of 
compact support. Hence, in order to get a theory of finite K-area on noncompact 
manifolds we can consider subgroups of the Borel-Moore homology or subgroups 
of singular cohomology. Moreover, in order to simplify statements about positive 
scalar curvature and the A-class we choose the cohomology approach. In this 
section all manifolds are assumed to be connected, oriented and without boundary. 
Remember that singular homology is dual isomorphic to cohomology with compact 
support and H k (Al; Q) is the dual space of Hk(M; Q). Thus, the bilinear pairing 

H m -\M- Q) x H^ t {M- Q) -»• Q , (a, /3) ►-» f aU/3 

Jm 

is well defined and nondegenerate where m = dimM. Moreover, if / : M m — > N n 
is a proper map, the pull back /* : H^ pt (N; Q) — > H h pt (M ; (Q) induces the transfer 
homomorphism 

/ !: if ro - & (M;Q)^F"- fc (JV;Q), / - (/,a)U 7 := f a U /* 7. 

Jn Jm 

If a € H m - 2k (M m ; Q) is a cohomology class, % pt {M; a) denotes the set of Her- 
mitian vector bundles £ —¥ M endowed with a Hermitian connection such that 
£ and its connection are trivial outside of a compact set and such that there are 
nonnegative integers i\, . . . , i k with ^ j • ij = k and 



0^ / a- Cl {£)^---c k {£) l K 

JM 

Note that the right hand side is well defined because Ci(£) has compact support. 
The K-area £(Af g ;a) of the Riemannian manifold (M,g) w.r.t. the cohomology 
class a is defined like in (TTJ) by taking the infimum over bundles in '^pt(M; a). We 
set t(M g ;a) = in case of % pt (M;a) = 0. If fc is odd and a e H m - k (M m ; Q), 
define 

k.(M g ;a) := supt(M g x S^^a) 

dt 2 

for the projection map 7r : M x S 1 — >• M. In accordance with proposition [2] the 
K-area of a general cohomology class a = ^ at is the maximum of the K-areas of 
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the at £ H l (M; Q). If / : (M m ,g) — > (N n , h) is a smooth proper Lipschitz map in 
the sense that g > f*h on TM, then 

l{M g ;a) >k,{N h \f\a) 

for all a e H*(M;Q). If a E H m - 2 * (M '; Q) , this inequality is still true for A 2 - 
Lipschitz maps / (i.e. g > /*/i on K 2 TM). However, it fails for general a because 
the condition A 2 -Lipschitz does not extend to the map / x id : M x S 1 — > N x S 1 
if M is not compact (cf. proof of proposition [3]). Because proposition [2] holds for 
the cohomology K-area, 

J? j (M g ; Q) := {a e H j (M; Q) | t(M g ; a) < oo} 

is a linear subspace for each j which of course depends on the asymptotic geometry 
of the metric g on noncompact manifolds except for j = m = dim M since flat 
connections on trivial bundles mean Jf? m (M; Q) = {0}. The subscript on M refers 
to the choice of a geometry at infinity. However, if g ~ h in the sense that there is a 
constant C > with C~ x -g <h<C-g on TM, then J^ j (M g ; Q) = Jif j (M h ; Q). In 
fact, on compact manifolds the subspaces ^° J '(M; Q) are independent on the choice 
of the metric. Moreover, if / : (M m ,g) — >• (N n ,h) is a smooth proper Lipschitz 
map, the transfer homomorphisms restrict to homomorphisms on the respective 
cohomology groups with finite K-area: 

/, : Jf m - fe (M s ; Q) -> Jf n - k (N h ; Q). 

If M m is a closed oriented manifold, the above definitions coincide up to Poincare 
duality, i.e. 

t(M g ;a) = H(M g ;an[M}) 
where [M] G H m (M) is the fundamental class. In particular, Poincare duality 
yields isomorphisms 

n[M] : J#> j (M; Q) ->■ Jf m -j{M; Q). 

At this point we should clarify that in general JffJ (M; Q) is no longer the dual 
space of Jffj(M;<Q). Although, the cohomology approach has its advantages for 
noncompact manifolds and statements about scalar curvature, the theory of finite 
K-area is a homology theory, because the transfer homomorphisms are not natural. 

Proposition 15. If M is a compactly A-enlargeable manifold, then the total A- 
class of M has infinite K-area: A(ikf) ^ ^°*(M;Q). In particular, a compactly 
enlargeable manifold M m satisfies 

jr (M;Q) = ^(M;Q) = {0}. 

Moreover, if M is weakly enlargeable, then for each metric g on M and every 
constant C > there is a Riemannian covering M g with l^{M g ; A(Af)) > C. 

Proof. Consider the case of a compactly A-enlargeable manifold M g , the enlarge- 
able case follows in the same way by replacing the A-class with 1 6 H°(M; (Q) and 
the A-degree with the ordinary degree of a map. M is closed and for each e > 
there is a finite Riemannian covering {M , g) — ¥ [M, g) and a map / : (M , g) — ^ 
(S k ,go) of nontrivial A-degree and with e • g > f*go on TM. Then the Poincare 
dual of /|(A(M)) in the top degree is determined by deg^f ■ [S k ] £ H k (S k ;(Q). 
Since / is proper, we obtain for the standard sphere S k 

e .fc(%A(M)) > t(S*;MA(M))) > t(S k ;deg s f ■ [S k ]) = t(S k ). 
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Because e > is arbitrary and feC^o) e (0,oo), proposition [6] and [7] yield 

t(M g ;A(M)) = t{M- g ;A{M)) = oo 

which proves A(M) ^ J^*(M; Q) (here we used 7r'(a n [M]) = n*a n [M] for the 
covering map 7r : M — > M and a cohomology class on M). 

The second claim follows similar. Consider a map / : M — > S 2k of nonzero 
A-degree which is constant at infinity. Although / is not proper if M is not 
compact, the pull back by / yields a map /* : f(S 2k \ 1) -> % pt (M;A(M)), here 
1 G H°(S 2k ) is the unit. This supplies for e 2 • g > f*g Q on A 2 TM : 

e.fc(M 9 ;A(M))>jfc(Sg*)e(0,oo) 

and since e > is arbitrary, we obtain the claim if M is even dimensional. If M is 
odd dimensional, consider the composition of the maps 

M x S 1 ^ S 2k - 1 xS 1 ^ (5 2fe - 1 x S l )/{S 2k - 1 V S 1 ) 2 5 2fe 

where the one point union S* 2 * -1 V S* 1 takes place at a point (f(x), z) G 5 2fe_1 x S 1 
and x <E M means a point sufficiently close to infinity. This new map has nonzero 
A-degree and is constant at infinity, i.e. the even dimensional case provides the 
claim. □ 

If we use the Fredholm K-area introduced by Gromov in [7] , we should be able 
to generalize the proposition to enlargeable respectively A-enlargeable manifolds 
and to prove A(M) ^ Jt?*(M g ; (Q) for weakly enlargeable manifolds. The crucial 
point to this is a version of proposition [7] which is not restricted to finite coverings. 
Note that the Fredholm K-area can be significantly larger than the K-area because 
one allows infinite dimensional bundles in the definition. 

Proposition 16 ([21 [7]). Suppose a spin manifold M n admits a complete metric g 
of uniformly positive scalar curvature, then 

fc (M fl ;A(M))< 2 ^ f +i ;' 
2 • inr scal(<7) 

which implies A(M) G Jf*(M 9 ;Q). 

Note that the constant on the right hand side does not change for Riemannian 
covering spaces of (M, g). It might be possible to drop the condition uniformly and 
to show A(M) G Jf? *(M g ; Q) with a similar argument presented by Gromov and 
Lawson for the weakly enlargeable case. The proof of the proposition is a simple 
consequence of the relative index theorem. If k_(M g ; A(M)) is not bounded by the 
constant on the right hand side, we obtain a contradiction to the relative index 
theorem. The factor n(n + l) 3 /2 is very rough and includes the estimate of the 
K-area by the K c h-area as well as the estimate of the twisted curvature term in 
the Bochner formula. If n is even, this factor can be improved to (n — l)n 3 /2. 

Index theory can also be used to show finite K-area of the fundamental homology 
class on manifolds which are not spin. For instance, suppose that (M™, g) is a closed 
connected spin c manifold with associated class c G H 2 (M; Z), and let fl be a 2-form 
respresenting the real Chern class of c. If 2|0| op < scal g , then 

WM; (e c/2 • MM)) n [M]) < 2 "<" " ( ~ 1)n) , 

mm(scal g — 2|i2| op ) 
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i.e. e c / 2 • A(M) € Jf*(M; Q) implies ^C(M; Q) = ^ (Af ; Q) = Q. In this case 
|n| op denotes the pointwise operator norm of Clifford multiplication by fl which 
means that for a diagonalization fl = J^ Xje^j—i A e-zj, we have |0| op = Y^ IAj'I- I n 
order to see the above estimate for even n, consider the Dirac operator on bundles 
$ C M®£ where $ C M is the spin c bundle and £ € % h {M; e c / 2 K{M )n [M]) (cf. [12]). 
Further examples are obtained by twisting a fixed Dirac bundle S over M with 
bundles £ . If S and its connection split locally into $M ® <Y and 4 • ISR* | op < scal g , 
then the K-areas of certain characteristic classes associated to S are finite. In 
this case < \K X is the curvature endomorphism in the Bochner Lichnerowicz formula 
induced from X. 

6. Relative K-area 

We are interested in K-areas for relative homology classes. A particular example 
is the K-area of the fundamental class of a compact manifold M with nontrivial 
boundary which gives the total K-area of M. In order to simplify the notation, 
we consider only the coefficient group G = TL but most of the statements can be 
adapted to arbitrary coefficient groups. In this section a pair of compact manifolds 
(M, A) consists of a compact manifold M and a compact submanifold A C M which 
is a strong deformation retract of an open neighborhood in M. Both M and A may 
have nontrivial boundary. Hence, any such pair of compact manifolds satisfies the 
homotopy extension property which supplies two important facts for us: 

(i) A continuous map / : (M, A) — > (N, B) is homotopic to a smooth map 
h: (M,A) -> (N,B). 

(ii) Let £ — > M be a bundle and M = ]J Mi be a disjoint decomposition in 
compact manifolds such that rk(£| M .) = rk(£| M .) implies i — j. Choose 
points Xi € Mi n A and define the (discrete finite) set P = {x.i \ i}. If 
the restriction of a bundle £ — >• M to A c M is trivial, then there is a 
classifying map p £ : M — »• BU which is constant on M{ fl A for all i. In 
particular, p £ induces homomorphisms 

p £ :H k (M 1 A)^H k (BV,p £ (P)) 

and p £ (P) n BU„ C BU consists of at most one point which means that the 
inclusion map -fffc(BU) — > iifc(BU,p £ (P)) is an isomorphism for all k > 0. 

In order to see (i) we apply the smooth approximation theorem to f\A and obtain a 
smooth map h : A — > B which is homotopic to /u. Using the homotopy extension 
property, this homotopy extends to all of M and yields a map h : M — >• N whose 
restriction to A is smooth and / ~ h : (M, A) — > (N,B). Applying the smooth 
approximation theorem (cf. ^ Chp. II, theorem 11.8]) to h yields a smooth map 
h : (M, A) -> (TV, S) which is homotopic to /. In order to see (ii) let p £ : M -> BU 
be a classifying map, then p , A : A ~ > BU is a classifying map for the induced 
bundle on A C M. Since £|^ is trivial, p , A is homotopic to a map p £ : A — >• BU 
which is constant on M» n A for all i. Since this homotopy extends to all of M, p 
is homotopic to a map p £ : M — > BU which is constant on M» n A. 

For a pair (M, A) and 6> € iJ 2 *(M,A) respectively 6» e H 2 *{M) we denote by 
Y(M, A; 9) the set of Hermitian vector bundles £ — » M endowed with a Hcrmitian 
connection such that 5 and its connection are trivial on an open neighborhood of 
A and such that p £ {9) ^ 0. If Y{M, A; 9) is not empty, the relative K-area of 9 is 
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defined by 

t(M g ,A;6):=( £ Jni Af}) \\R £ \\^ G(0,oo]. 

We set k(M g ,A;9) = if f(M,A;9) = 0. The relative K-area of an odd class 
9 G H 2 *+i(M, A) [respectively 6* G i?2*+i(M)] is defined by the relative K-area of 
the class 9 x [S 1 ] G F 2 *(M xS^x S 1 ) [respectively 9 x [S 1 ] G # 2 *(M x 5 1 )]: 

fc(M 9 ,A;0) = supjfc(M 9 xS^ixS 1 ;^ [S 1 ]) 

dt 2 

and the relative K-area of a general class is the maximum of the even and the odd 
part. Note that A x S 1 is a strong deformation retract of an open neighborhood in 
M X S 1 . Considering the induced homomorphism j* : Hk(M) — > Hk(M,A) for the 
inclusion j : (M, 0) — X (M, A) we conclude from the commutative diagram 

H k (M) 3 -^H k (M,A) 

Pi 

w 

H k (BV) i# fc (BU,/(P)) 

that V(M,A;j*9) = T(M,A;9) for all G .ffjfe(M) and even k > 0, here we use 
that j* is an isomorphism for all k > 0. Hence, the relative K-area of 9 G H k (M) 
and j*0 coincide if A: > 0. The case k = is different because j* is not injective. 
However, for any O^0S Hq(M, A) there is a trivial bundle on M with p £ (0) ^ 
which means that n(M g ,A;0) = 00. Moreover, ^(M,A;0) C f{M;9) implies: 

£(M fl ;0) > t(M g ,A;9) = fc(M ff ,A;*,0) 

for all G H k (M) and fc > 0. In some cases there is up to a constant an inequality 
in the opposite direction as the proposition below shows. We leave it to the reader 
to verify proposition [2] and [3] for the relative K-area. In particular, if / : (M, A) — x 
(N, B) is a smooth map with g > f*h on K 2 TM , then the pull back by / yields a 
map /* : Y(N, B; /*0) —X y(M, A; 9) for even homology classes which implies 

H{M g ,A-9)>H{N h ,B-fJ) 

for all 9 G H*(M,A) respectively 9 G H*(M). Since M and A are compact, 
fmiteness of the relative K-area does not depend on the Riemannian metric g and 
we obtain subgroups 

■M(M,A) := {9 G H k (M,A) \ t(M g ,A;9) < oo}. 

We have already observed that the K-area of a nontrivial class 9 G Hq(M,A) is 
infinite which implies J^q(M,A) = {0}. Moreover, the above considerations show 
that the relative and the absolute K-area coincide if A = 0, i.e. Jf? k (M, 0) = Jf? k (M) 
for all k. Assuming that / : (M, A) — X (N, B) is a continuous map it is homotopic 
to a smooth map, i.e. the above inequality for the relative K-area shows 

f,:M(M,A)^M(N,B). 

Furthermore, J£J(M, A) depends only on the homotopy type of the pair (M,A). 
Considering rational coefficients and the K-area for the Chern character we can 
extend the proof of proposition [7] to compact manifolds with boundary and obtain: 
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Remark 17. Let / : M g — > M g be a normal Ricmannian covering between oriented 
compact manifolds with boundary such that / is trivial at the boundary, then 

k^{M g , dM- f'9) = k^(M g , dM- 9) 

for all 9 G H k (M,dM;<Q) where f' : H k (M,dM;<Q) -)■ ff fe (M,<9M;Q) is the 
transfer homomorphism defined by the pull back of cohomology classes and Poincare 
duality using the orientation classes: /■ = (n[M]) o /* o (n[M]) _1 . 

Proposition 18. Let (M, A) be a pair of compact manifolds and U C M be an 
open set such that U C hit (A) and (M \U,A\U) is a pair of compact manifolds. 
Then the inclusion induces isomorphisms 

U ■ M{M \U,A\U)-> M{M, A). 

Proof. The homomorphisms i* are well defined by the above consideration and in- 
jectiveby the excision property of singular homology. Moreover, i* : y(M,A;i^9) — > 
Y(M \U,A\U;9) is bijective since any bundle £ — x M\U which is trivial and has 
trivial connection on a neighborhood of A \ U extends to a bundle £ — > M which 
on a neighborhood of A C M is trivial and has trivial connection. This implies the 
surjectivity of i* if k is even. The statement for odd k follows analogous because 
(M\[/)xS 1 = (MxS 1 )\(l/x5 1 ). □ 

Proposition 19. Suppose x G M , then the inclusion map j : M — > (M, x) yields 
isomorphisms 

for all k. Moreover, if (M, A) is a pair of compact manifolds such that M / A admits 
a smooth structure, then 

q* : M(M, A) -> M(M/A, {A)) = M{M/A) 

is an isomorphism for all k where q : M — > M/A is the quotient map. 

Proof. By the above considerations, for each point x G M the inclusion j* : 
J£fe(M) — > J$? k (M,x) is well defined and injective for all k, i.e. the surjectivity 
remains to show. In particular, we obtain the claim if there is a constant C > 
with 

C-i(M g ,x;0)>i(M g ;j: 1 e). 



for any 9 e H k (M,x) and k > 0. Let A = B € (x) C M be a small closed ball 
around the point x, then A is contractible which means that there is a smooth 
map / : M — > M which is constant on A but satisfies / ~ id, i.e. /* = id on 
homology. Since / is constant on A, the pull back by / yields a bundle which has 
trivial connection on a neighborhood of x, i.e. /* : i / (M;i]) — > Y(M,x;n). There 
is a constant C > 1 with C ■ g > f*g on TM which implies the curvature estimate 
for the induced bundle and therefore, 

C ■ i{M g ,x;r]) > H(M g \rj) 

for all 7] e H 2 *(M). But the relative K-areas of n e H k (M) and j^n G H k (M,x) 
coincide for k > which proves the first claim if k is even. In order to conclude 
the same estimate for r/ G H2*+i(M) we use the map / : M — >• M from above and 
consider b := / x id : M x S 1 — J- M x S 1 . Since db has rank one on a neighborhood 
of x x S 1 , the pull back of a bundle by b is flat on a neighborhood of x x S 1 but in 
general not trivial. Consider the restriction of b*£ to x x S , then the connection 
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differs from the trivial connection by a section a in End(b* £\ xx s l )®T* S 1 . Choosing 
a cut off function for B e (x) x S 1 C M x S 1 , a extends to a section M x S 1 — > 
End{b*£) T*(M x S 1 ). In fact, V = b*V - a is a Hermitian connection on &*£ 
which on a neighbourhood oi x x S 1 is compatible with the trivialization of b*£ , 
i.e. (6*£,V) effMxS'.ixS 1 ;^ [S 1 ]) if (£,V) g^Mx^ji/x [S 1 ]). Since 
the C°-bound of a depends on £, we need to rescale one of the line elements, i.e. we 
fix at first d£ 2 and choose ds 2 = y 2 ■ dt 2 where y satisfies y > max{l, r ■ ||a||dt 2 } and 
r means the radius of Sj (2 (note that C ■ (g © ds 2 ) > b*(g © dt 2 ) on T(M x S 1 )). 
Then for £ G Y{M xS'jijx [S 1 ]) the maximum of the curvatures are related by 

\\R V ' 'lUd^ < \\R b ' £ \\ g(B asi+C"-\\a\\ ds 2 <2max{C-\\R £ \\ gmt 2,C'/r} 

where C" < oo depends only on the choice of the cut off function for B e (x) xS'c 
M x S 1 and C is the constant from above, i.e. C depends only on /. Hence, we 
conclude 

^MgXS^^xlS 1 ]) r 



sup t(M g x Sl s 2,x x S l ;i] x [5 1 ]) > min<^ - 

ds 2 ' I 



2C ' 2C 



which together with the definition for odd homology classes proves the assertion 
(because r — x oo by taking the suprcmum over dt 2 on the right hand side). 

Suppose that A C M is a submanifold such that M/A is a smooth manifold, 
q : (M,A) — > (M/A, (A)) is a relative homeomorphism and an identification map 
which means that g* is an isomorphism on the relative singular homology groups. 
Although q* : Y{M/A, (A) ; q±6) -4 V(M, A; 9) is a bijection, the obvious argument 
fails in general because we can not choose metrics g, g' on M respectively on M/A 
such that C ■ g > q*g' > C~ l g on M \ A for some constant C > 0. However, the 
K-area homology depends only on the homotopy type of the pair which leads to the 
following consideration. There is a compact submanifold X c M such that A C X 
is a strong deformation retract, then (A) £ M/A is a strong deformation retract of 
Y := q(X), i.e. (M, X) ~ (M, A) and (M/A, Y) ~ (M/A, (A)). Now we can choose 
a metric <?' on M/A and a corresponding metric 5 on M such that g = q*g' on 
M \ X. The pull back by q yields a bijection q* : V (M / A,Y ; q*6) -> Y(M,X;8) 
since every bundle which is trivial and flat on a neighborhood of Y extends to a 
bundle on M that is trivial and flat on a neighborhood of X. Thus, \\R q £ \\ g = 
\\R £ \\ g > proves 

t(M g ,X-6) = l{M/A g/ ,Y;qJ) 

for all 9 e H 2 *(M,X) which implies that q* : J^ 2 k(M,X) -4 Jf 2 k(M/A,Y) is an 
isomorphism for all k. In order to see this isomorphism for odd homology classes 
we consider the above setup and the map 

q x id : (M x S\X x S 1 ) -4 (M/A xS^x S 1 ). 

By the above argument the relative K-areas of 9 x [S 1 ] and q*9 x [S 1 ] coincide for all 
e i? 2 *+i(M,X) which supplies the isomorphism q* : Jt? k (M,X) -4 ^.(M/A, F). 
Hence, we obtain the claim from the following commutative diagram 

M{M, A) —^ M{M/A, (A)) 
M (M, X) — ^*- J^ (M/A, y ) 
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where the vertical homomorphisms are isomorphisms and induced by the inclusion 
maps. □ 

In general the connecting homomorphism <9* : Hk{M,A) — > Hk-i(A) does not 
restrict to a homomorphism M\ i (M 1 A) — > J^i-i(A) as the following example shows. 
Let M = B 2 be the 2-dimensional closed disk and A = dM = S 1 be its boundary, 
then 

Jf 2 (M,A) = Jf 2 (M/A) = J^ 2 (S 2 ) = % 

whereas J£(M) = {0} and Jif^S 1 ) = {0}, but <% : H 2 {M,A) -> /^(S 1 ) is an 
isomorphism. Thus, one may also consider the subgroup of J£*(M, A) whose image 
w.r.t. the connecting homomorphism is contained in J$?*(A). However, for this sub- 
group excision fails in general. Even if the connecting homomorphism restricts for 
all k to homomorphisms <9» : J#k(M,A) — > J#k-i(A), the corresponding homology 
sequence 

► M(A) -^ M(M) A Jt? k (M, A) -% M-i{A) — ► • • ■ 

is only a chain complex and not exact in general. In order to see this, let M = T n 
be a torus and define A := M \ B f (x) for a small open ball B e (x) C M, then 
J%(M) = {0}. Moreover, M/A = S n supplies JT*(M, A) = J%(S n ) = Z if n > 2. 
The homology sequence for the pair (M, A) shows that i* : Hk{A) — > Hk(M) is 
injective for all fc < n and that the connecting homomorphism is trivial 9* = 
(the case k = n — 1 uses the fact that H n -i(A) is torsion free and M closed). 
Hence, z* : J#k(A) — > Jfk(M) is injective and Jf°*,(A) = {0} which proves that the 
homology sequence of this particular pair (M, A) is not exact. 

Definition 20. Let (X, Y) be a pair of topological spaces, then J%(X, Y) denotes 
the set of all £ Hk (X, Y) for which there is a pair of compact manifolds (M, A) and 
a continuous map / : (M, A) — > (X, Y) such that 9 = /*(??) for some ?y E J%(M, A). 
Furthermore, J#f(X, Y) is the set of all fle4 {X, Y) with 9*6" e M-i(Y, 0) where 
9* : Hk(X,Y) — ^ Hk-i(Y, 0) is the connecting homomorphism. 

Simple exercises prove that J$?®(X,Y) c J$?k{X,Y) are subgroups of Hk(X,Y) 
for all fc, that J? (X,Y) = {0} and that Jf(X) := Jf(X,Y) = ^ 9 (X,Y) for 
Y = 0. Moreover, J^ (X, Y) coincides with the above definition if (X, Y) is a pair of 
compact manifolds. Suppose that h : (X, Y) — > (Z, T) is a continuous map of pairs, 
then the induced homomorphism restricts to homomorphisms h* : J#k{X,Y) — > 
Jf?k(Z, T) which follows from functoriallity (fto/), = h*f*. The naturallity of the 
connecting homomorphism shows that ft* restricts further to homomorphisms ft* : 
Jf k d {X,Y) -S- Jif k d (Z,T). Hence, the functors J4? and Jf a satisfy the dimension, 
additivity and homotopy axiom but obviously not exactness by the examples above. 
Thus, it remains to consider the excision axiom. Given subspaces U C Y C X such 
that U C int(Y), then the inclusion map i : (X \ U, Y \ U) ->■ (X, Y) yields a well 
defined injective homomorphism 

t. : ,M(X \U,Y \U) ^ ,M(X,Y) 

for all fc. We do not know if this homomorphism is surjective in general, however, 
it is surjective for pairs of compact manifolds and there is much evidence in the 
case that (X, Y) is a CW-pair. Hence, the above observations can be summarized 
as follows. 
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Theorem 21. The subfunctors ,#? C J^C C H determine generalized homology 
theories on the category of pairs of topological spaces and continuous maps which 
satisfy the dimension, additivity and homotopy axiom. When restricted to the cat- 
egory of pairs of compact manifolds, Jrf? satisfies the excision axiom. Moreover, 
natural connecting homomorphism exist for both functors and the corresponding 
homology sequence for pairs is a chain complex: 

• Choose trivial connecting homomorphisms for M' '. 

• Choose the connecting homomorphism of singular homology for Jf? . 

Remark 22. Let 5™ C R m be the standard ball with boundary S™- 1 , then 
^ m {W K ,S m - x ) = J^ m {S m ) by the above proposition. Thus, if (X,Y) is a pair 
of topological spaces, the relative Hurewicz homomorphism satisfies for all m > 2: 

h m : n rn (X,Y) -> Jt m (X,Y) C H m (X,Y). 

If m > 3, J^ i (W K ,S m - 1 ) = J^niB^^S" 1 - 1 ) supplies that lm(h m ) c J#£{X,Y). 

Remark 23. The K-area homology Jif stabalizes for compact manifolds under the 
suspension operation into reduced singular homology. In order to see this let M be 
a compact manifold, £ fe M = S A M be the £;-fold reduced suspension of M and 
consider the projection map p : S k x M -> S fc M. Suppose that 77 G H k+i (T, k M), 
then 77 = p*([S k ] x 6) for some 8 G Hi(M), but [S*] x has finite K-area for all 
k > 2 (cf. remark [13)) which proves that r) G ^fe +l (S fe M). Hence, ^(S fe M) is the 
reduced singular homology of E fc M for all k > 2. If M is connected, this may still 
be true for k = 1, however, it fails in general as the example ^S = S 1 shows. 
Note that £M is simply connected for connected manifolds and that .^(ST") = 
Hj(T,T n ) for all j > 0, n > by an induction argument: SS" 1 = S 2 as well as 
ET™ ~ S" 2 V ET"" 1 V T^T 11 - 1 . 

In the following we give an example of manifolds with isomorphic fundamen- 
tal group and isomorphic singular homology, but with different K-area homology. 
These manifolds have different intersection product, but it seems rather difficult 
to construct manifolds with isomorphic cohomology ring and compute their K- 
area homology. Nevertheless, we expect the K-area homology to collect additional 
topological data. Suppose n > 3 and define 

M = (T 3 x S n )#(T 3 x S n ) 

N = ((T 3 #T 3 ) x S n )#{S 3 x S n ), 

then 7Ti (M) — tx\ (N) — H? * 1? by Seifert-van Kampen. We leave it to the reader 
to compute the singular homology. In order to determine the K-area homology of 
M and N we use the methods presented in remark [8] and results about positive 
scalar curvature on closed spin manifolds, in fact we obtain 

Jf k (M) = Jf k (TV) = H k (M) = H k {N) k>A 

J^(M) = J^(N) = {0} j -0,1, 2 

whereas Jf 3 (N) = % and J%(M) = {0}. 
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